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Vision, Planning And Control In
Aerial Robotics

FACTOR GRAPH BASED FILTERING USING GTSAM




2D Robot World
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World with landmarks
Landmarks are unique and numbered
Each landmark [, is denoted by,

|, = lk,x
k — lk,y



Robot Star
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Robot Start
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Robot State
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Robot State is given by,
X

x=1y
7]
Because this varies with respect to time,

We will write the state as,
xt X
Yel=1Y

Ht 0 t

xt=
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Sensor
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Robot has a Wide FOV Camera/Lidar of 120°
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easurement Model
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Measurement Model

» At x, the robot observes [, landmarks where k denotes
individual landmark IDs

« Sensor is not perfect hence you see the landmark with a
probability of p,,, = 0.95

« The measurement at time t with respect to landmark [,

obtained by the robot is given by
. mt,k,x
mt,k - mt,k,y

* myy isnoisy and can be thought of as drawn from
N(ﬁ\lt,k» z:m)

Missed landmark

B¢ e



 Odometry is denoted by of** between times ¢ and

t+1
It is obtained by some wheel encoder and can be

Robotatt =1
. thought of as drawn from V' (6{*1,2,)
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For multiple steps
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SLAM Problem

T Given Initial pose x,, odometry of*! and landmark
measurements my

Obtain landmark locations [, and robot pose x;

SLAM stands for “Simultaneous Localization and Mapping”
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SLAM as a Bayes Net




SLAM as a Bayes Net: Graph
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SLAM as a Bayes Net: Math

Motion Model:
~3IfiCeemse) =13 o
Xt = fr(xe—pue) +wy © P(xelxp_q,up) e 2 JeXe—aue)=xellp, ><55>99
20
Measurement Model: 79
23
1 2 46
— h X .’l ) —1m A3
m; = hy(xep o) + v; © P(my|xe b)) oce gl etics)=mill, 5
36

MAP to maximize: 87

T M
POGL M) = PCxo) | | Pltelemsud | | POmilres bl
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SLAM as a Factor Graph: Graph
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SLAM as a Factor Graph: Math

Prior:

$o(xg) < P(xq)
Motion Model:

92
55

99
A9

¢t—1,t(xt—1:xt) o P(x¢lxe_q,us) 23

Measurement Model:

Yen (X, L) P(mt,klxtrlk)
Value of the graph to maximize:

P(0) o ]_[qbt(et) [ | vuteus

{j3hi<j ks

T3

36

02 (X,L)
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SLAM as Non-Linear Least Squares

« Maximum A Posteriori (MAP) estimation

F© =] [£00.0 2 (x,) v £i(8)) o 2@l

©* = argmax f (0)
Q

 Negative Log Likelihood (NLL)

1
argGr)nin(—logf(G))) = arg@r)nin <EZ”hi(@i) - mi”i)
:




Numerical Optimization 101

fx)

x*

Convex function

x* = argmin f (x)
X




Convex Function

f(x) Known as “Jensen’s Inequality”

(—Xg» f(xz))

—
—-—
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-
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(txy + (1 —t)x,, f(tx; + (1 —t)xy)),t € [0,1]

Convex function




Concave Function

*

x o g0
Intuitively:

Concave = —Convex or vice versa

Concave function

x* = argmax f (x)
X




Non-Convex Function

f(x) Neither convex nor concave
Intuitively has a lot of local optimum




Convex Optimization 101

f(x) Gradient Direction is the direction of steepest descent

Negative Gradient
~._ points to optimum
~. direction
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Steepest Descent

xttl = xt — 7V f (x)
7 is called the step-size
Vf(x) is the local gradient at x

Negative Gradient
~~._ points to optimum

. ‘\__\‘ . .
~. direction
NN
N N
%

~~____———""Iso-contours of f(x)



Step-size Restrictions

a

T<§forf(x) = —x? f(x)

2
Vi(x) = ax

t+1 — 4t _ t

X Tax
Sort of like PD controller

Too high 7 will cause you to diverge

Too low 7 will take forever to converge

Convex function




Lipschitz Constant

IVFC) = VIl < M|lx -y
Here M is the Lipschitz constant or intuitively M represents a function of maximum curvature
If a Hessian exists: M > ||[V2f (x)||

The step-size restriction becomes

oy
Sy

It is generally hard to obtain a value of M

There are methods to find “best” 7 for each step and are called Line Search Methods




Recall Condition Number

x denotes how sensitive the function is to noise or in
other words how circular are the iso-contours
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The “Best” Pre-conditioner

argmin f (x) x =Py
X

argmin f (Py)
y

H Hessians PTHP

1

1 1
WhenP = H 2, PTHP = H zHH z = |

K
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Newton's Method

argmin f (x) x=H zy
X

argmin f (H_%y)
y

1 1
Gradient Step becomes y**1 = y* — H™2Vf (H_Eyk)

Changing back variables to x we get
X+l = 5t H—lvf(xt)

—H~ 1V f(x!) is called the Newton direction




Gauss Newton Method

Modification of Newton's method to find minimum of a sum of squared function values
Let the function we are minimizing be

1 1 1
FO) =5 ) fi)? =S IfGIR =5 F)Tf ()

Our problem setup is as follows: ar_gmin F(x)

X
The gradient vector g is obtained as follows,
=Yk
' 0x;
To obtain the Hessian we need to differentiate the gradient elements with respect to x;,

m
_ 0fi 0fi 0%f;
Hjie = Z <6x]~ 0xp, i 0x;0xy

i=1
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Gauss Newton Method

m

d0fi 0f; 0° i )

H,, = Z<— i F

Tk L 0x; 0x), ' 0x;0xy,

Now, ignore all the second-order derivative terms (second term) in the above expression
m

Hjy = Z]ij]ik

- are the components of the Jacobian Matrlx J

Where J;; = f‘

Now, g = ]Tf and H=~]T]
The update equations for Gauss Newton method become
ATl = 4t (]T])—lle
Why is this better than Newton’s Method with the update rule xt*! = x* —H™Vf(xt) = xt —H7YJT'f
Complicated Hessian computation is avoided

el 0/26/2017 30 [ R



Levenberg—Marquardt (LM) Method

Also called “Damped Least Squares”
The update rule is
xt+tl = 5t _ ﬁ—lvf(xt)
Here H is modified Hessian
H = H + Adiag(H)
LM method blends the Steepest Descent method and Newton's method
Recall steepest descent method update rule is
xttl = xt — 7 f(xt)
And Newton’s method update rule is
xt+1 — X 1|7f(xt)
» Steepest descent works well when we are far from minima and Newton's method which assumes local
quadratic approximation works well near the minima as the quadratic approximation is good
 Inthe LM update rule when A gets small the rule approaches Newton's method and when A is large LM
approaches steepest descent

el 0/26/2017 g [ e



Dogleg Method

Chooses between steepest descent (Cauchy) step and Gauss-Newton step
Let h = xt*1 — xt be the update rule such that x!*1 = xt + h
Cauchy stepis givenby h, = —7J7f
Gauss-Newton step is givenby hoy = —(JTD YT f
Dogleg uses a region of trust A around the linearization point to choose between Cauchy and GN
steps
hg = he + A(dgy — d¢)
Here A € [0,1] is the largest value in such that ||hg|l < A

If J is nearly singular then hy; = h,

Update ruleis: xt*1 = xt + hy,
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